Abstract. The problems related to renorming of Banach spaces are in the heart of the theory of Banach spaces. These are more than fifty years old and play a key role in the development of the Banach space theory. We present a history of this subject and recent results showing the connection between renorming, reflexivity, separability and differentiability in Banach spaces. We also survey a brief account of geometrical open problems inside the area of renormings of Banach spaces.
Introduction
A linear (vector) space X equipped with a nonnegative function (norm) . on X into R that, (i) x = 0 implies that x = 0 for x ∈ X (Positive) (ii) kx = |k| x for k ∈ R and x ∈ X (Homogeneous) (iii) x + y ≤ x + y for x, y ∈ X (Triangle Inequality) is called a normed space and a complete normed space is called a Banach space. Why study different norms? Different norms on a linear space can give rise to different geometrical and analytic structure. In an infinite dimensional linear space, the convergence of a sequence can vary depending on the choice of norm. This phenomenon leads to many interesting questions and research in functional analysis. In a finite dimensional linear space X, all norms are equivalent in the following sense; for any norms . 1 and . 2 on X, there are positive constants a and b such that a x 1 ≤ x 2 ≤ b x 1 for all x ∈ X. Equivalent norms define the same topologies. Consequently, the convergence of a sequence of vectors in a finite dimensional linear space is independent of choice of norm. But they have different geometrical properties. Consider the space R 2 with following equivalent norms, (x 1 , x 2 ) ∞ = max{|x 1 |, |x 2 |} , (x 1 , x 2 ) 2 = x 2 1 + x 2 2 . In applications such as numerical analysis, one would like to use norm that can determine convergence efficiently. Therefore, it is good idea to have knowledge of different norms. Since it is easier to do analysis on a Banach space which has a norm with good geometric properties than on a general space, it is important to know which Banach spaces can be equivalently renormed so as to become strictly convex or smooth or uniformly convex and so on. We start with simple observations concerning definition and properties of Banach spaces. The reader is referred to [6] and [9] for undefined terms and notation. A normed space X is called separable if, it has a countable dense subset. For x ∈ X, define x : X * → R by x(f ) = f (x), f ∈ X * . Then x is a bounded linear functional on X * and x = x . Define J on X by J(x) = x, x ∈ X. Then J : X → X * * is a linear isometry, called the canonical mapping of X into X * * . If it is surjective, we say that X is reflexive.
Theorem 1.
A space X is separable if and only if there is a norm-compact set K such that spanK = X.
Theorem 2.
(i) If X is reflexive, then closed unit ball B(X) is weakly compact and spanB(X) = X (ii) If there is a weakly-compact K ⊆ X such that spanK = X, then X is reflexive.
Theorem 3.
If the dual space X * is separable, then X is separable. ( the inverse is not true necessary.) Theorem 4. The dual space X * is reflexive if and only if X is reflexive.
The theorems (1) and (2) considers a compare between reflexive and separable spaces. The following theorem shows a connection between above spaces:
[12] A separable Banach space is reflexive if and only if every smooth points is preserved in each equivalent norm.
Differentiability
The function f : X → R is said to be Gateaux differentiable at x ∈ X if, there exists a functional A ∈ X * such that A(y) = lim
y ∈ X. In this case, f is called Gateaux differentiable at x with the Gateaux derivative A and A is denoted by f ′ (x). If the limit above exists uniformly for each y ∈ S(X) = {x ∈ X; x = 1}, then f is Fréchet differentiable at x with Fréchet derivative A. Similarly, the norm function . is Gateaux (Fréchet) differentiable at non-zero x if the function f (x) = x is Gateaux differentiable. Also We say f : X → R is uniformly Fréchet ( resp., uniformly Gateaux ) differentiable if, lim t→0 f (x + ty) − f (x) t exist, uniformly for (x, y) ∈ S(X) × S(X) ( resp., for any y ∈ X and uniformly for x ∈ S(X) ) and equal with A(y), for some functional A ∈ X * .
If the norm of a finite-dimensional space is Gateaux differentiable, then it is Fréchet differentiable. In the general, Gateaux differentiability not imply Fréchet differentiability. For example the canonical norm of l 1 is nowhere Fréchet differentiable and it is Gateaux differentiable at x = (x i ) i∈N if and only if x i = 0 for every i ∈ N.
In a Hilbert space H, the norm is Fréchet differentiable at every point other than the origin.
Let us mention that a norm . of a Banach space X is 2-rotund (2R), if (x n ) ∞ n=1 is a convergent sequence whenever lim n,m→∞
Any of the following assertions, implies the reflexivity of a Banach space X: We say a norm . of a Banach space X has weak-Kadec-Klee property if, (x n ) ∞ n=1 ⊆ X converges weakly to some x ∈ X and lim
Also, a dual norm |.| of X * , has weak*-Kadec-Klee property if, lim
⊆ X * is weak*-converges to some f ∈ X * and lim
The Kadec-Klee norms, play ( explicitly or implicitly ) an absolutely key role in geometric Banach space theory and its applications.
But, any of the following conditions implies the separability of the dual space of a Banach space X: (i) If the second dual norm of X is Gateaux differentiable.
(ii) If the norm of X is Fréchet differentiable.(Kadec, Restrepo) [1] (iii) If the dual norm of X * has weak*-Kadec-Klee property.
We can provide relationships between dual Kadec-Klee norms and Asplund spaces ( every separable subspace possesses a norm separable dual ).
Theorem 6.
[2] For a Banach space X, the following are equivalent: (i) The dual norm of X * is weak*-Kadec-Klee. (ii) X is Asplund and the dual norm of X * is sequentially weak*-Kadec-Klee. (iii) B(X * ) is weak*-sequentially compact and the dual norm of X * is sequentially weak*-Kadec-Klee.
However, as far as we know, the following question is open: Question 7. If the norm on Banach space X has a dual norm that is sequentially weak*-Kadec-Klee, is the dual norm weak*-Kadec-Klee? Equivalently, if X admits a norm whose dual is sequentially weak*-Kadec-Klee, is X an Asplund space?
Convexity and Smoothness
One interesting and fruitful line of research, dating from the early days of Banach space theory, has been to relate analytic properties of a Banach space to various geometrical conditions on the Banach space. The simplest example of such a condition is that of strict convexity. It is often convenient to know whether the triangle inequality is strict for non collinear points in a given Banach space. We say that a norm . of a Banach space is strictly convex (rotund) if, x + y < x + y whenever x and y are not parallel. That is, when they are not multiples of one another.
Strict convexity is very much an isometric property and is not typically preserved by isomorphisms or equivalent renormings. For example consider the norm
The study of strictly convex norms, should be of great interest in the near future.
We can also consider the strict convexity of a Banach space X, with use of the notions extreme and exposed points.
Let C be a convex set in a Banach space X. A point x ∈ C is called an extreme point of C if, C \ {x} is convex. Also, a point x ∈ C is called an exposed point of C if, there is f ∈ X * such that f (x) = supf (C) and for every
A point x ∈ C is called strongly exposed point of C if, there exists f ∈ X * such that f (x) = supf (C) and x n → x as n → ∞ for all sequences (x n )
Remark 8. It is clear that the extreme points of unit ball B(X) lined in unit sphere S(X). A norm of a Banach space X is strictly convex if and only if extB(X) = S(X). i.e., any point of S(X) is a extreme point of B(X).
Related to the notion of strict convexity, is the notion of smoothness. We say that, a norm . on a Banach space X is smooth at x ∈ X \ {0} if, there is a unique f ∈ X * such that f = 1 and f (x) = x . Of course, the Hahn-Banach theorem ensures the existence of at least one such functional f .
The spaces L p (µ), 1 < p < ∞, are strictly convex and smooth, while the spaces L 1 (µ) and C(K) are neither strictly convex nor smooth except in the trivial case when they are one dimensional.
There exists an interest relation between differentiability, smoothness and strict convexity of Banach spaces.
The norm of X is smooth at x ∈ X \ {0} if and only if it is Gateaux differentiable at x. Also if the dual norm of X * is smooth, then the norm of X is strictly convex; if the dual norm of X * is strictly convex, then the norm of X is smooth. Hence, if X is reflexive, then X is smooth ( strictly convex ) if and only if X * is strictly convex ( smooth ). There are examples of strictly convex spaces whose duals fail to be smooth.
We now give a characterization of smooth spaces with use of the notion MIP property and Mazur spaces;
A Banach space X is said to have Mazur intersection property (MIP) if, every bounded closed convex set is an intersection of closed balls.
Theorem 9.
A Banach space X has the MIP if and only if for any bounded closed convex set K ⊆ X and for any x ∈ K, there exists a ball B such that B ⊇ K and x ∈ B.
Also, we say that a set C is a Mazur set if, given f ∈ X * with supf (C) < λ, then there exists a ball D such that C ⊆ D and supf (D) < λ. Now, let M be a collection of all intersections of balls. Spaces in wich every element of M is a Mazur set, will be called Mazur spaces. for every x, y ∈ H. A norm . of a Banach space X is said to be locally uniformly convex (LUR) if, asymptotically, it has a local behavior to the parallelogram law.i.e.,
for any sequence (x n ) ∞ n=1 and x in X.
In a LUR space X, all points of S(X) are strongly exposed points of B(X). Also, a norm of a LUR space, has the Kadec-Klee property.
Theorem 12. Let X be a Banach space. If the dual norm of X * is LUR, then the norm of X is Fréchet differentiable.
A norm . of Banach space X, is said to be uniformly convex if, for every se-
we have lim
For example, Hilbert spaces are uniformly convex.
It is clear that uniform convexity implies locally uniform convexity and a locally uniformly convex space is strictly convex. But inverse is not true, necessary. For example, define a norm . Consider functions f ≡ 1 and g n for every n, where g n is the broken line determined by the points (0, 1), ( 1 n , 1), (1, 1) . It is easy to verify that f , g n fail the property of locally uniform convexity [9] .
There is a complete duality between uniform convexity and uniform Fréchet differentiability.
Theorem 13. (Smulian) Let (X, . ) be a Banach space and (X * , . * ) its dual. The norm .
* is uniformly convex if and only if . is uniformly Fréchet differentiable. Also the norm .
* is uniformly Fréchet differentiable if and only if . is uniformly convex.
The above theorem implies that the norm of every Hilbert space is uniformly Fréchet differentiable.
One of the first theorems to relate the geometry of the norm to linear topological properties is the following; Theorem 14. (Milman-Pettis) A uniformly convex Banach space, is reflexive.
Renorming and Convexity
In this section, we introduce the conditions that implies the Banach spaces X and X * admits equivalent strictly (locally uniformly)convex norms.
We say that the Banach space X has property (G) if, there exists a bounded set Γ = n∈N Γ n ⊆ X, with the property that whenever f, g ∈ B(X * ) are distinct, there exist n ∈ N and γ ∈ Γ n such that (f − g)(γ) = 0 and, either |f (γ
Theorem 15. If X has property (G), then the dual norm of X * admits an equivalent strictly convex dual norm.
Let {H i ; i ∈ I}be a family of subsets of a topological space (Z, τ ). The family is said to be isolated if, for every i ∈ I, We have H i j∈I,j =i
I n such that every family {H i ; i ∈ I n } is isolated, then the family {H i ; i ∈ I} is said to be σ-isolated. A family R of subsets of a topological space (Z, τ ) is said to be network if, every open set is a union of members of R. A compact space K is said to be descriptive if, its topology has a σ-isolated network.
The problem for weak-Kadec-Klee renorming is completely open. The main reason is that there is no example of a normed space with a σ-isolated network for the weak topology without admitting an equivalent weak-Kadec-Klee norm, [19] . Indeed, transfering results for normed spaces with a σ-isolated network for the weak topology are obtained in [19] .
Theorem 16.
[20] Let X be a Banach space. Then X * admits an equivalent weak*-locally uniformly convex norm, if and only if, B(X * ) is descriptive.
The following deep result of Troyanski [9] shows what needs to be added to a weak-Kadec-Klee norm to ensure the existence of a LUR norm on a Banach space.
Theorem 17. (Troyanski) A Banach space X admits an equivalent LUR norm if and only if it has a strictly convex norm with weak-Kadec-Klee property.
We have seen in [19] that a Banach space X with a Fréchet differentiable norm wich has Gateaux differentiable dual norm, admits an equivalent LUR norm. Also, R. Hydon has showed that if the dual space X * has a dual LUR norm, then X admit an equivalent LUR norm. X n,ε , in such a way that, for every n ∈ N and every x ∈ X n,ε , there is an open half-space H ⊆ X such that x ∈ H and diam(H X n,ε ) < ε.
Recall that an open (resp., A closed) half-space of X is a set of the form H = f −1 (α, ∞) (resp.,
Let us introduce here a question that is still an open problem.
Question 19.
If the Banach space X has the Radon-Nykodym property (i.e., every bounded closed convex subset of X has slices of arbitrarily small diameter), does it follow that X has an equivalent weak-Kadec-Klee norm? Does it have an equivalent strictly convex norm?
We will say that the Banach space X is generated by a Banach space Y , or Ygenerated if, there is a bounded linear operator T from Y into X such that T (Y ) is dense in X. Let P be a property on Banach spaces. We say that X is P -generated if, there is a Banach space Y with the property P such that X is Y -generated.
The weakly-compactly-generated spaces, include all reflexive and all separable Banach spaces.
Theorem 20. (Troyanski) [6] Every weakly-compactly-generated space, admits an equivalent LUR norm, and in particular a norm with weak-Kadec-Klee property.
Theorem 21. [2]
If the Banach space X is weakly-compactly-generated and Asplund, then X admits an equivalent norm whose dual norm is LUR and hence weak*-Kadec-Klee.
Renorming and Differentiability
Let X be a normed space and (x n ) n∈N be a nonzero sequence in X. We say that (x n ) n∈N is a (Schauder)basis for X if, for each x ∈ X, there is an unique sequence of scalars (α n ) n∈N such that x = ∞ n=1 α n x n , where the sum is converges in the norm topology to x. For example, the trigonometrical system is a basis in each space L p [0, 1], 1 < p < ∞. A Schauder basis is not to be confused with a Hamel basis. A Hamel basis (e α ) for X is a set of linearly independent vectors in X that satisfy span(e α ) = X. That is, each x ∈ X is uniquely representable as a finite linear combination of e α . A Hamel basis for an infinite-dimensional Banach space must, in fact, be uncountable. Given a basis (x n ) n∈N , We define the coordinate functionals x * n : X → R by x * n (x) = α n where x = ∞ n=1 α n x n . It is easy to see that each x * n is linear and x * n (x m ) = δ m,n . The sequence of pairs {x n , x * n } ⊆ X × X * is said to be biorthogonal system for X.
But, it is interest to know that what conditions is necessary to a Banach space X admits an equivalent uniformly Fréchet differentiable norm.
Theorem 22.
Every normed space with a countable Hamel basis, admits an equivalent Fréchet differentiable norm.
We say that a Banach space X is Vasak if, there is a sequence {B n } n∈N of weak*-compact sets in X * * such that given x ∈ X and u ∈ X * * \X, there is n ∈ N such that x ∈ B n and u ∈ B n .
The following question about Vasak spaces, is still open:
Question 23. Assume that X is a Vasak space. Does X admit a norm that has the following property: {f n } n∈N is weak*-convergent to some f ∈ B(X * ) whenever f n ∈ S(X * ) are such that f n + f m → 2 as n, m → ∞? Recall that a compact space K is called a uniform Eberlein if, K is homeomorphic to a weakly compact set in a Hilbert space.
Renorming and Separability
Day in [10] showed that every separable Banach space X, admits an equivalent strictly convex norm. Also Smulyan in [9] proved every separable Banach space, admits an equivalent Gateaux differentiable norm. For this, let (x n ) n∈N ⊆ S(X) be dense in S(X). Define a norm . on X * by
where . is the original dual norm of X * . Then | . | is an equivalent strictly convex norm on X * and it is w * -lower semicontinuous. Thus it is the dual norm to an equivalent norm . 1 on X. Hence . 1 is Gateaux differentiable.
A set B ⊆ X * is called a boundary for X if, for every x ∈ X, there is a f ∈ B such that f (x) = x . Also, a Banach space X is called isomorphically polyhedral if, there is an equivalent polyhedral norm on X. A norm is said to be polyhedral if, the unit ball of every finite-dimensional subspace of X is an intersection of finitely many half-spaces.
Isomorphically polyhedral spaces were studied first by Fonf. He proved that a separable isomorphically polyhedral Banach space has a separable dual.
Theorem 26. [5] Let X be a separable Banach space. Then X is isomorphically polyhedral if and only if X admits an equivalent norm with a countable boundary.
Therefore, if the separable Banach space X admits an equivalent norm with a countable boundary, then X is isomorphically polyhedral and consequently, X * will be separable. But the separability of X * , implies the existence of an equivalent norm on X that is Fréchet differentiable (Kadec). For this, let (x n ) n∈N ⊆ S(X) be dense in S(X) and let (f n ) n∈N ⊆ S(X * ) be dense in S(X * ). For n ∈ N, put
where . is the original dual norm of X * . Then | . | is an equivalent LUR norm on X * and it is w * -lower semicontinuous. Thus it is the dual norm to an equivalent norm . 1 on X. Hence . 1 is Fréchet differentiable. Consequently, if the norm of separable Banach space X has a countable boundary, then X admits an equivalent Fréchet differentiable norm.
Renorming and Reflexivity
Given Banach spaces X , Y and ε > 0, We say that Y is finitely representable in X if, for every finite-dimensional subspace Z of Y , there is an isomorphism T of Z onto T (Z) ⊆ X such that T T −1 < 1 + ε. A Banach space X is said to be super-reflexive if, every Banach space finitely representable in X is reflexive. It is easy to see that every super-reflexive Banach space, is reflexive. One of the well known super-reflexive Banach spaces are Hilbert spaces. One may think that these are the only examples of super-reflexive Banach spaces. In the following theorem, we see that this is far from the case, indeed the family of super-reflexive Banach spaces is quite a rich one.
Theorem 27. (Enflo-James) [9] Let X be a Banach space. TFAE; (i) X is super-reflexive.
(ii) X admits an equivalent uniformly convex norm. (iii) X admits an equivalent uniformly smooth norm.
Theorem 28. [7] For a Banach space X consider the assertions: (i) X is Hilbert-generated.
(ii) X is super-reflexive-generated. (iii) X is weakly-compactly-generated and admits an equivalent uniformly Gateaux differentiable norm. Then (i) ⇒ (ii) ⇒ (iii). Morever, no one of these implications, can be reversed general.
If the Banach space X is reflexive, then X is weakly-compactly-generated. Hence, X admits an equivalent LUR norm and so, X admits an equivalent norm with weak-Kadec-Klee property.
Theorem 29. [6] If the Banach space X is reflexive then, X can be renormed in such a way both X and X * have Fréchet differentiable norm.
Hence, if any smooth points of a separable Banach space X is preserved in each equivalent norm, then X will be reflexive and so the above theorem holds. In addition, X admits an equivalent (2R) norm [15] .
